We study the Mass Discrepancy-Acceleration Relation (MDAR) of 57 elliptical galaxies by their Einstein rings from the Sloan Lens ACS Survey (SLACS). The mass discrepancy between the lensing mass and the baryonic mass derived from population synthesis is larger when the acceleration of the elliptical galaxy lenses is smaller. The MDAR is also related to surface mass density discrepancy. At the Einstein ring, these lenses belong to high-surface-mass density galaxies. Similarly, we find that the discrepancy between the lensing and stellar surface mass density is small. It is consistent with the recent discovery of dynamical surface mass density discrepancy in disk galaxies where the discrepancy is smaller when surface density is larger. We also find relativistic modified Newtonian dynamics (MOND) can naturally explain the MDAR and surface mass density discrepancy in 57 Einstein rings. Moreover, the lensing mass, the dynamical mass and the stellar mass of these galaxies are consistent with each other in relativistic MOND.
INTRODUCTION
The mass discrepancy or the missing mass of galactic systems refers to the excess of its dynamical mass over its baryonic mass. The mass discrepancy has a tight relation with the observed acceleration g (Sanders 1990; McGaugh 1999 McGaugh , 2004 and with the baryonic Newtonian gravitation gN (McGaugh 2004; Tiret & Combes 2009; Famaey & McGaugh 2012 ). The discrepancy is larger when the gravitational acceleration of the spiral galaxy is smaller, and the relation is called the mass discrepancy-acceleration relation (MDAR). Later, the MDAR is also confirmed by the dynamics of elliptical galaxies (Tian & Ko 2016; Janz et al. 2016) . However, mass discrepancy shows no clear relation to other observational quantities such as distance or orbital angular speed (see McGaugh (2004) for details). The MDAR can be also interpreted as gravitational acceleration discrepancy between g and gN. Recently, McGaugh et al. (2016) found a tight radial acceleration relation (RAR) between g and gN in 153 disk galaxies from Spitzer Photometry and Accurate Rotation Curves (SPARC) database. This relation suggested that g/gN = ν(gN/a0) ,
⋆ E-mail:yongtian@astro.ncu.edu.tw † E-mail:cmko@astro.ncu.edu.tw where a0 ≈ 1.2 × 10 −10 ms −2 and ν(y) has the asymptotic behavior ν(y) ≈ 1 for y ≫ 1 and ν(y) ≈ y −1/2 for y ≪ 1. In modified Newtonian dynamics (MOND), ν(y) is known as the (inverted) interpolating function. For example, a commonly used form, the simple form (Famaey & Binney 2005) ,
This form will be used for later discussions. The surface mass density discrepancy also shows the similar trend as the MDAR because the gravitational acceleration is related to surface mass density as Σ = M/πr 2 ≈ g/πG. The discrepancy increases as surface mass density decreases when it is smaller than the characteristic surface mass density Σ0 = a0/π G. For high surface mass density spiral galaxies (Σ > Σ0), the mass discrepancy is small. For example, recently, Genzel et al. (2017) discovered six high redshift spiral galaxies dominated by baryons belongs to high surface mass density galaxies. Milgrom (2017) explained this in the context of MOND. For low surface mass density ones (Σ < Σ0), the mass discrepancy is large (for review, see, e.g., Sanders & McGaugh (2002) ; Famaey & McGaugh (2012) ). In fact, the same trend happens in elliptical galaxies, for instances, high surface mass density elliptical galaxies probed by planetary nebulae have small mass discrepancy (Romanowsky 2003; Milgrom 2003; Tian & Ko 2016) , and for low surface mass density tidal dwarfs the mass discrepancy is large (Gentile et al. 2007; Milgrom 2007; Dabringhausen et al. 2016) . Recently, from the surface mass density in the central regions of 135 disk galaxies (S0 to dIrr), Lelli et al. (2016) showed that the mass discrepancy increases as surface mass density decreases. Milgrom (2016) also explained this in the context of MOND.
The MDAR posed a puzzle in standard ΛCDM cosmology (Wu & Kroupa 2015) . Several attempts have been made in this direction, both hydrodynamical simulations (Wu & Kroupa 2015; Ludlow et al. 2017 ) and semiempirical models (Di Cintio & Lelli 2016; Navarro et al. 2016; Desmond 2017 ). Stochastic galaxy formation should explain four important issues raised by the MDAR and RAR:(1) the characteristic acceleration scale a0, (2) the low acceleration relation (the Tully-Fisher relation and the Faber-Jackson relation), (3) the low scatter of the relation, and (4) the lack of correlations between galaxy properties and residuals (see, e.g., Sec 8.2 of Ref. Lelli et al. (2017) for the details).
The mass discrepancy problem appears not only in stellar dynamics of galaxies but also in relativistic phenomena such as gravitational lensing (the light path bending by a massive object predicted by General Relativity, GR). For instances, in strong gravitational lensing, the observed angle of deflection of light from a distance source (e.g., a quasar or galaxy) by a gravitational lens (e.g., a galaxy or cluster of galaxies) is larger than the one expected by GR if only the luminous mass from the lens is considered.
To study relativistic problems in MOND is beyond the modified Poisson equation proposed for non-relativistic dynamics in Bekenstein & Milgrom (1984) . The difficulty is not only the theoretical complications but also the enhanced angle of deflection is not easily satisfied by the usual conformal metric (see, e.g., the discussion in Bekenstein & Sanders (1994) ). In 2004, Bekenstein adopted a disformal metric and proposed the Tensor-Vector-Scaler theory (TeVe S) (Bekenstein 2004) . This is the first covariant relativistic gravitational theory of MOND. The angle of deflection has the same formulation in TeVe S as in GR but using MONDian gravitational potential instead (see, e.g., Chiu, Ko & Tian (2006) ; Tian et al. (2013) for details). For other relativistic MOND theories, such as GEA (Zlosnik et al. 2007 ) and BIMOND (Milgrom 2009 ), gravitational lensing result is the same as in Chiu, Ko & Tian (2006) for spherical symmetry case. Thus, one may expect the mass discrepancy in relativistic MOND will have the same trend as in non-relativistic MOND. MDAR is also expected in gravitational lensing.
Because strong lenses belong to high surface mass density galaxies (see, e.g., Sanders (2014) for details), small mass discrepancy is expected in relativistic MOND. When comparing with initial mass function (IMF), MOND can explain this small discrepancy without dark matter (Chen & Zhao 2006; Chiu, Ko & Tian 2006; Chiu et al. 2011; Sanders & Land 2008; Sanders 2014) .
It is interesting to study mass discrepancy-acceleration relation in gravitational lensing. In Section 2, we describe our data and model. In Section 3, we present three results: the MDAR, surface mass discrepancy, and consistency between dynamical and lensing mass in relativistic MOND.
DATA AND MODEL

Data
We select strong lens data from the Sloan Lens ACS (SLACS) database (Auger et al. 2009 ). Sloan Digital Sky Survey (SDSS) has observed millions of galaxies. When two galaxies are lying close to a line-of-sight with one at a much further distance than the other, it will provide a candidate for strong gravitational lensing, in particular, an Einstein ring if the two galaxies are lying exactly on one line-of-sight. The SLACS used the Advanced Camera for Surveys (ACS) of the Hubble Space Telescope photometry to resolve the galaxy lenses. Combining with redshift measurements, stellar velocities, and brightness by SDSS, SLACS provided 85 high-quality Einstein rings (Auger et al. 2009) .
In this work, we select elliptical galaxy lenses that can be approximated by spherically symmetric mass distribution, with complete photometric data and estimation of stellar mass by population synthesis. We also exclude S0 galaxies because of the mass model. As a result, we have 57 Einstein rings in our samples, see Table 1 . The samples include the size of the Einstein ring θ Obv , the effective radius (or half-light radius) of the lens R eff , and the stellar mass (i.e., baryonic mass or luminous mass) M b estimated by population synthesis with Salpeter IMF (Auger et al. 2009 ).
Model
Assuming the thin-lens approximation, the deflection angle can be written as
where c is the speed of light, s is the distance along the light path, Φ is the gravitational potential, and ∇ ⊥ is the twodimensional gradient operator perpendicular to light propagation. For the Einstein ring, the lens equation is given by
where DL, DS and DLS are the angular diameter distances of the lens from the observer, the observer from the source, and the source from the lens, respectively. We adopt Hernquist mass model (Hernquist 1990 ) for the luminous mass of the elliptical galaxy lenses. The distributions of luminous mass or stellar mass and the corresponding Newtonian gravitational acceleration are
with r h ≈ 0.551R eff .
RESULTS AND DISCUSSION
Mass Discrepancy-Acceleration Relation in Einstein Rings
To examine the MDAR in our samples, we use two ways to estimate the ratio of the gravitational acceleration from observation to that inferred from luminous mass: (1) to compare the angles of deflection, and (2) to compare the estimated values of gravitational acceleration at the effective radius. Eq. 3 indicates that deflection angle represents an average of the gravitational acceleration over the line-of-sight. For the Einstein ring, α Obv /αBar = θ Obv /θBar. Here θ Obv stands for the observed radius of the Einstein ring and θBar for the expected ring radius produced by the baryonic (luminous) mass only, Eq. 5. Table 1 listed the ratio of gBar = g b (R eff ) in Eq. 5 (i.e., the Newtonian gravitational acceleration at R eff by the luminous mass only). The effective radius R eff of our samples is also listed in Table  1 . This result is very close to the second method and the MDAR holds.
To estimate the mass within the ring radius, we add a dark matter component m dm (r) = 2σ 2 v r/G (singular isothermal sphere profile) to the luminous matter (Eq. 5). σ 2 v can be obtained from the observed size of the Einstein ring. We plot the ratio M Obv /MBar = g Obv /gBar against gBar in the left panel of Fig. 1 .
As shown in Fig. 1 , the mass discrepancy represented by M Obv /MBar (left panel) increases as the Newtonian acceleration gBar decreases. If we choose mass or acceleration in radius other than the effective radius in the second method, the MDAR still holds (see the right panel of Fig. 1 ). Our result is consistent with the result from spiral galaxies reported by McGaugh et al. (2016) (see Fig. 1 ). Our analysis shows the MDAR holds in the relativistic phenomenon, strong gravitational lensing. 
One can see that MOND is consistent to the MDAR of Einstein rings and spiral galaxies. Fig. 2 listed the residuals after subtracting the interpolating functions from the MDAR with 285 data points of Einstein rings. As expected, simple form and McGaugh form are better than others. And Bekenstein form and Standard form seem to be the upper limit and lower limit of MOND prediction.
Surface Mass Density Discrepancy in Einstein Rings
Recently, surface mass density discrepancy in disk galaxies is reported in Lelli et al. (2016); Milgrom (2016) . The deviation of the surface mass density estimated by dynamics from that by baryons becomes larger as the surface mass density becomes smaller. Here, we report a similar discrepancy in Einstein rings (see Fig. 3 ). Lensing surface mass density Σ Obv at the effective radius is obtained by m b (r) + m dm (r) defined earlier. Stellar surface mass density ΣBar comes from population synthesis with Salpeter IMF (Auger et al. 2009 ). In Fig. 3 , we plot both results from lensing and spiral galaxies ) for comparison. The two results are consistent. The lensing surface mass density in our samples is about 10 3 to 10 4 M⊙ pc −2 which is higher than Σ0 = a0/π G = 276 M⊙ pc −2 . Thus, MOND can naturally explain this small discrepancy because these lenses belong to high surface mass density galaxies. Although the galaxies belong to this category, the discrepancy trend is still readily observable. This is the first time surface mass density discrepancy is discovered in strong gravitational lensing, a relativistic phenomenon. Figure 3 . Surface mass density discrepancy. Blue filled circles are the 57 Einstein rings studied in this work, and green filled circles are the 135 disk galaxies in Lelli et al. (2016) . The orange dashed, solid, and dotted lines represent the Bekenstein form, simple form, and standard forms in MOND, respectively.
Relativistic MOND in Gravitational Lensing
To consolidate the result of both non-relativistic and relativistic MOND, we compare the lensing mass and dynamical mass in 57 Einstein rings. Since SDSS provides the aperture velocity dispersion, the dynamical mass of elliptical galaxies can be computed by the Jeans equation (e.g., Binney & Tremaine (2008) , see the appendix also). In MOND, both velocity dispersion and gravitational lensing are produced by the same mass distribution (Hernquist model) and the same interpolating function (simple form, Eq. 2). As the Hernquist length scale can be estimated by the measured effective radius, the only parameter left is the total mass. In Fig. 4 (upper panel), we compare the total mass calculated from non-relativistic MOND (dynamical mass, M dyn ) with isotropic velocity distribution and from relativistic MOND (lensing mass, M len ) of the 57 lensing galaxies in our samples. The correlation between these two mass is However, different interpolating functions indeed give small differences in mass estimation because the nominal acceleration of our samples is around 10a0 which is the regime sensitive to interpolating function (see Table 1 ). If we change the mass model to Jaffe model (Jaffe 1983) , the lensing mass on average becomes slightly smaller (5.6% smaller in GR and 5.3% smaller in MOND with simple form). The difference in lensing mass of different mass models is less than that of different interpolating functions. The dynamical mass calculated from the anisotropic model (Eq. A4) is about 3% to 7% more when compare with that from the isotropic model. Moreover, the lensing mass and dynamical mass calculated under Hernquist model and simple form agree well with the stellar mass with Salpeter IMF (see Table 1 ). Finally, the mass-to-light ratio of lensing mass in Relativistic MOND in simple form and V-band luminosity ranges from 2.2 to 7.6 with the average around 4.4 in units of M⊙/L⊙ which is the same as the result of Sanders (2014) .
When the surface mass density Σ is estimated by the stellar mass at the effective radius, Σ/Σ0 > 1 for all our sample galaxies, and the average is Σ/Σ0 = 7.1. Thus, our samples belong to the high surface mass density category. From our analysis, the lensing mass of relativistic MOND in simple form is smaller than that from GR by about 23% ± 5%, i.e., the mass discrepancy is small, as expected. The acceleration in relativistic MOND at the effective radius is also larger than a0 with an average a/a0 = 7.3, which is consistent with the surface mass density estimation, see Table 1 . Our analysis on 57 Einstein rings shows the existence of the MDAR and surface mass density discrepancy in gravitational lensing (a relativistic phenomenon). MOND can provide a way to understand the MDAR and surface mass density discrepancy. We also show the consistency between relativistic MOND and non-relativistic MOND.
APPENDIX A: APERTURE VELOCITY DISPERSION
For simplicity, we model an elliptical galaxy as a spherically symmetric stellar system.
The velocity dispersion of a spherically symmetric stellar system in equilibrium is governed by the Jeans equation in spherical coordinates (Binney & Tremaine 2008) 
where
is the anisotropy parameter (βa = 0 for the isotropy case).
The velocity dispersion averaged over radius measured along the line of sight at projected aperture radius R is given by
where the cumulative surface density is
In this paper, beside isotropic model (i.e., βa = 0) we also consider a particular anisotropic model
This anisotropic model can be formed by dissipationless collapse systems when ra equals to three times the effective radius R eff (ra = 3R eff ) (van Albada 1982; Milgrom 2003) . 0.9 ± 0.1 0.8 ± 0.1 9.3 ± 1.3 6.5
